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Abstract 



Oh 

(— i | In this paper we consider a multi-dimensional damped semiliear wave 

equation with dynamic boundary conditions, related to the Kelvin- Voigt 
damping. We firstly prove the local existence by using the Faedo-Galerkin 
approximations combined with a contraction mapping theorem. Secondly, 
the exponential growth of the energy and the L p norm of the solution is 
presented. 
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1 Introduction 

> 

• rH . 

^ ■ In this paper we consider the following semilinear damped wave equation with 

^ ■ dynamic boundary conditions: 

Uu — Am — aAut = \u\ p ~ 2 u, t > 

u(x,t) = 0, x G r , t > 

u tt (x,t) 

u(x, 0) = Uq(x), u t (x, 0) — ui(x) x e Q 



— (x, t) + -jt-Hz, t) + r\u t \ m ~ 2 u t {x, t) 
av ov 



x e Ti, t > o 



where u = u(x,t) , t > , x G Q , A denotes the Laplacian operator with res- 
pect to the x variable, Q is a regular and bounded domain of R N , (N > 1), 
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dfl = T U r 1; mes(r ) > 0, T fl I\ = and — denotes the unit outer 

ov 

normal derivative, m > 2 , a , a and r are positive constants, p > 2 and uq , u\ 
are given functions. 

From the mathematical point of view, these problems do not neglect accel- 
eration terms on the boundary. Such type of boundary conditions are usually 
called dynamic boundary conditions. They are not only important from the the- 
oretical point of view but also arise in several physical applications. In one space 
dimension, the problem (pQ) can modelize the dynamic evolution of a viscoelastic 
rod that is fixed at one end and has a tip mass attached to its free end. The 
dynamic boundary conditions represents the Newton's law for the attached mass, 
(see [5J |2l [EE] for more details). In the two dimension space, as showed in [26] 
and in the references therein, these boundary conditions arise when we consider 
the transverse motion of a flexible membrane fl whose boundary may be affected 
by the vibrations only in a region. Also some dynamic boundary conditions as 
in problem (pQ) appear when we assume that fl is an exterior domain of M 3 in 
which homogeneous fluid is at rest except for sound waves. Each point of the 
boundary is subjected to small normal displacements into the obstacle (see [3J for 
more details). This type of dynamic boundary conditions are known as acoustic 
boundary conditions. 

In the one dimensional case and for r = 0, that is in the absence of boundary 
damping, this problem has been considered by Grobbelaar-Van Dalsen [16]. By 
using the theory of 5-evolutions and the theory of fractional powers developped in 
[27]. [28] , the author showed that the partial differential equations in the problem 
(P) gives rise to an analytic semigroup in an appropriate functional space. As 
a consequence, the existence and the uniqueness of solutions was obtained. In 
the case where r ^ and m = 2, Pellicer and Sola-Morales [25J considered the 
one dimensional problem as an alternative model for the classical spring-mass 
damper system, and by using the dominant eigenvalues method, they proved 
that for small values of the parameter a the partial differential equations in the 
problem (PQ) has the classical second order differential equation 

miu"(t) + diu'(t) + kiu(t) = 0, 

as a limit where the parameter m% , d% and k% are determined from the values of 
the spring-mass damper system. Thus, the asymptotic stability of the model has 
been determined as a consequence of this limit. But they did not obtain any rate 
of convergence. 

We recall that the presence of the strong damping term — Aut in the problem 
(PQ) makes the problem different from that considered in [15] and widely studied 
in the litterature [321 123 [301 El EI] f° r instance. For this reason less results were 
known for the wave equation with a strong damping and many problems remained 
unsolved, specially the blow-up of solutions in the presence of a strong damping 
and nonlinear damping at the same time. Here we will give a partial answer to 
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this question. That is to say, we will prove that the solution is unbounded and 
grows up exponentially when time goes to infinity. 

Recently, Gazzola and Squassina [H] studied the global solution and the finite 
time blow-up for a damped semilinear wave equations with Dirichlet boundary 
conditions by a careful study of the stationnary solutions and their stability using 
the Nehari manifold and a mountain pass energy level of the initial condition. 

The main difficulty of the problem considered is related to the non ordinary 
boundary conditions defined on I\. Very little attention has been paid to this 
type of boundary conditions. We mention only a few particular results in the one 
dimensional space and for a linear damping i.e. (m = 2) [T8l 1251 [12]. 

A related problem to §B) is the following: 

u tt -Au + g{u t ) = f in ft x (0, T) 

3n 

— + K{u)u u + h{u t ) = 0, on <9ft x (0, T) 
av 

u(x, 0) = Uq{x) i n & 

ut(x, 0) = U\{x) in ft 

where the boundary term h(ut) = \ut\ p Ut arises when one studies flows of gaz 
in a channel with porous walls. The term Uu on the boundary appears from 
the internal forces, and the nonlinearity K(u)uu on the boundary represents the 
internal forces when the density of the medium depends on the displacement. 
This problem has been studied in [T2l [T3] . By using the Fadeo-Galerkin approx- 
imations and a compactness argument they proved the global existence and the 
exponential decay of the solution of the problem. 

We recall some results related to the interaction of an elastic medium with 
rigid mass. By using the classical semigroup theory, Littman and Markus [2TJ 
established a uniqueness result for a particular Euler-Bernoulli beam rigid body 
structure. They also proved the asymptotic stability of the structure by using the 
feedback boundary damping. In [22] the authors considered the Euler-Bernoulli 
beam equation which describes the dynamics of clamped elastic beam in which 
one segment of the beam is made with viscoelastic material and the other of 
elastic material. By combining the frequency domain method with the multiplier 
technique, they proved the exponential decay for the transversal motion but not 
for the longitudinal motion of the model, when the Kelvin- Voigt damping is 
distributed only on a subinterval of the domain. In relation with this point, see 
also the work by Chen et al. [5] concerning the Euler-Bernoulli beam equation 
with the global or local Kelvin- Voigt damping. Also models of vibrating strings 
with local viscoelasticity and Boltzmann damping, instead of the Kelvin- Voigt 
one, were considered in [23J and an exponential energy decay rate was established. 
Recently, Grobbelaar-Van Dalsen [17] considered an extensible thermo-elastic 
beam which is hanged at one end with rigid body attached to its free end, i.e. 
one dimensional hybrid thermoelastic structure, and showed that the method 
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used in [24J is still valid to establish an uniform stabilization of the system. 
Concerning the controllability of the hybrid system we refer to the work by Castro 
and Zuazua[6], in which they considered flexible beams connected by point mass 
and the model takes account of the rotational inertia. 

In this paper we consider the problem (CEJ) where we have set for the sake of 
simplify a — 1. Section 2 is devoted to the local existence and uniqueness of 
the solution of the problem ([1]). We will use a technique close to the one used 
by Georgiev and Todorova in |15J and Vitillaro in [33l [34] : a Faedo-Galerkin 
approximation coupled to a fix point theorem. 

In section 3, we shall prove that the energy is unbounded when the initial data 
are large enough. In fact, it will be proved that the L p -norm of the solutions grows 
as an exponential function. An essential ingredient of the proof is a lower bound 
in the LP norm and the H 1 seminorm of the solution when the initial data are 
large enough, obtained by Vitillaro in [32] • The other ingredient is the use of 
an auxiliary function L (which is a small perturbation of the energy) in order 
to obtain a linear differential inequality, that we integrate to finally prove that 
the energy is exponentially growing. To this end, we use Young's inequality with 
suitable coefficient, interpolation and Poincare's inequalities. 

Let us recall that the blow-up result in the case of a nonlinear damping (m ^ 
2) is still an open problem. 

2 Local existence 

In this section we will prove the local existence and the uniqueness of the solution 
of the problem (CQ). We will adapt the ideas used by Georgiev and Todorova in [13] . 
which consists in constructing approximations by the Faedo-Galerkin procedure 
in order to use the contraction mapping theorem. This method allows us to 
consider less restrictions on the initial data. Consequently, the same result can 
be established by using the Faedo-Galerkin approximation method coupled with 
the potential well method [7]. 

2.1 Setup and notations 

We present here some material that we shall use in order to prove the local 
existence of the solution of problem ([I]) . We denote 

H± o (n) = {ueH 1 (n)/u ro = o}. 

By (., .) we denote the scalar product in L 2 (Vt) i.e. (u,v)(t) = / u(x,t)v(x,t)dx. 

Jn 

Also we mean by the L q (Q) norm for 1 < q < oo, and by ||.|| g ,ri the L q {Yi) 
norm. 
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Let T > be a real number and X a Banach space endowed with norm ||.||x- 
L p (0, T; X), 1 < p < oo denotes the space of functions / which are LP over (0, T) 
with values in X, which are measurable and ||/||x £ L p (0,T). This space is a 
Banach space endowed with the norm 



LP(0,T;X) — I / || J || P X dt 



1/p 



L°° (0, T; X) denotes the space of functions / : ]0, T[ — > X which are measurable 
and \\f\\x £ L°° (0, T). This space is a Banach space endowed with the norm: 



L°°(0,T;X) = eSS SUp || J || X • 

0<t<T 

We recall that if X and Y are two Banach spaces such that X •—>■ Y (continuous 
embedding), then 

L p (0, T; X) L p (0, T; K) , 1 < p < oo. 
We will also use the embedding (see [U Therorem 5.8]). 



2(N-1) 

H£ (n) L^rO, 2<q<q where g = <[ AT - 2 



if X > 3 
+oo, if X = 1,2 



Let us denote 1/ = H^ (Q) n L m (Ti). 

In this work, we cannot use "directly" the existence result of Georgiev and 
Todorova [15] nor the results of Vitillaro [33l [31] because of the presence of 
the strong linear damping -Am ( and the dynamic boundary conditions on Ti. 
Therefore, we have the next local existence theorem. 

Theorem 2.1 Let 2 < p < q and max ( 2, - — ) < m < q. 



q+l—p j 

Then given uq G LL^ o (Q) andu\ G L 2 (Q), there exists T > and a unique solution 
u of the problem |7J) on (0, T) such that 



u t g L 2 (o,T;4(n))ni m ((o,T)xr 



We will prove this theorem by using the Fadeo-Galerkin approximations and the 
well-known contraction mapping theorem. In order to define the function for 
which a fixed point exists, we will consider first a related problem. 
For u G C([Q,T\ : Hl o {Vt)) C\C l ([Q : T\,L 2 (tt)) given, let us consider the following 
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problem: 

v tt — At) — aAv t 
v(x, t) = 0, 

dv 



\u 



p-2 



U. 



v tt (x,t) = - 



f(x, 0) = n (x), ft(x, 0) = 

We have now to state the following existence result: 

( v 

Lemma 2.1 Let 2 < p < q and max 2, — 



x e Ci, t > o 
x e r , t > o 

x e r\, t > o 



(2) 



< m < q. Then given 

q + 1 - p ) 

Uq G Hy o {Q) , u\ G L 2 (f2) t/iere exists T > and a unique solution v of the 
problem (TJ|) on (0, T) suc/i i/jai 



« g c([o,r],<(fi))nc 1 ([o I T],L 2 (n) 

v t G L 2 (0,T;^ o (fi))nL m ((0,T)xr 1 ) 
and satisfies the energy identity: 

+ NllrJl + a ^ l|V^(T)Hidr + r / 



Vd| 2 + 




u(r)\ p 2 u{r)v t {j)dTdx 



s JO, 



forO<s<t<T. 

In order to prove lemma I2TTI we first study for any T > and / G i? 1 (0, T; L 2 (Cl)) 
the following problem: 

v tt - Av - aAv t = f(x, t), 
v(x, t) = 0, 



x G CI, t > 

x g r , t > o 



v tt (x,t) = - 



— (x, t) + (x, t) + r\v t \ m - 2 v t (x, t) 



x G Ti, t > 
x G fi . 



(3) 



f (x, 0) = u (x), v t {x, 0) = Ui(x) 

At this point, as done by Doronin et al. [13J, we have to precise exactly what 
type of solutions of the problem ([3]) we expected. 

Definition 2.1 A function v(x,t) such that 



V 


G 


L°°(0,T;H^(CI)) , 




Vt 


G 


l 2 (o,T;4 (n))ni m 


((o,T)xr 1 ) , 


Vt 


G 


L°° (0, T; (fi)) H L°° (0, T; L 2 (r0) 


Vtt 


G 


L°° (0,T;L 2 (Cl)) PL 00 


(O.T;! 2 ^)) 


v(x, 0) 




n (x) , 




vtix, 0) 




Mi (a) , 
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is a generalized solution to the problem if for any function uj G ifp o (fi) D 
L m {Ti) and <p G C 1 (0,T) with <p(T) = 0, we have the following identity: 



(f,w)(t)<p(t) dt 



(v u , w){t) + (Vi>, Vw)(t) + a(Vv t , Vw)(t) (p(t) dt 



T 



cp(t) 
o Jr 1 



v tt (t)+r\v t (t)\ m - 2 v t (t) 



w da dt. 



Lemma 2.2 Let 2 < p < q and 2 < m < q. 

Let u G H 2 (£l) f]V,Ui G H 2 {Vt) and f G H X (Q, T; L 2 (fi)) ; then for any T > 0, 
there exists a unique generalized solution (in the sense of definition \2.1\) . v(t,x) 
of problem |3|). 



2.2 Proof of the lemma EO 

To prove the above lemma, we will use the Faedo-Galerkin method, which consists 
in constructing approximations of the solution, then we obtain a priori estimates 
necessary to guarantee the convergence of these approximations. It appears some 
difficulties in order to derive a second order estimate of v tt {0). To get rid of them, 
and inspired by the ideas of Doronin and Larkin in [12] and Cavalcanti et al. [H] , 
we introduce the following change of variables: 

v(t, x) = v(t, x) — 4>(t, x) with <fi(t, x) = Uo(x) + tu\{x). 

Consequently, we have the following problem with the unknown v(t, x) and null 
initial conditions: 



v tt - Av - aAv t = f{x, t) + A(f> + aA(j) t: 
v(x, t) = 0, 



v tt (x,t) = - 
{ v{x,0) = 0, 



d -^M + ad ^^ (x,t) 

(r\{v t + <j) t )\ m - 2 {v t + <p t ){x,t) 
v t (x,0) = 



x G fi, t > 
x G Tq, t > 



x eTi, t > o 

x G Q . 



(4) 



Remark 2.1 It is quite clear that if v is a solution of problem (j4j) on [0, T], then 
v is a solution of problem ([3]) on [0, T]. Moreover writing the problem in term 
of v shows exactly the regularity needed on the initial conditions uq and u\ to 
ensure the existence. 

Now we construct approximations of the solution v by the Faedo-Galerkin method 
as follows. 

For every n > 1, let W n = span-fu^, . . . , uj n }, where {^j(^)}i<j<n is a basis in the 
space V. By using the Grahm-Schmidt orthogonalization process we can take 
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uj = (uji, . . . , uJn) to be orthonormafl in L 2 {Vt) D L 2 (Ti). 
We define the approximations: 

n 

Vn(t) =^2gjn(t)Wj (5) 
J'=l 

where u„(t) are solutions to the finite dimensional Cauchy problem (written in 
normal form since uj is an orthonormal basis): 

/ v ttn {t)wj dx + / V(v n + <j))Vwj + a / V(w„ + (f)^7wj dx 
Jn Jn Jn 

+ (v ttn (t)+r\(v n + (j))t\ m - 2 (vn + (l>)t)w j d(T= / f Wj dx . ( 6 ) 
</ri 

=^n(°) = °> j = l,---,n 
According to the Caratheodory theorem, see [10J, the problem (J6j) has solution 
(gjn{t))j=i, n £ H 3 (0,t n ) defined on [0,t n ). We need now to show: 

• firstly that forall n G N t n = T, 

• secondly that these approximations converge to a solution of the problem 

To do this we need the two following a priori estimates: first-order a priori esti- 
mates to prove the first point. But we will show that the presence of the nonlinear 
term \u t \ m ~ 2 u t forces us to derive a second order a priori estimate to pass to the 
limit in the nonlinear term. Indeed the key tool in our proof is the Aubin-Lions 
lemma which uses the compactness of the embedding H^(Ti) <^-> L 2 (Ti). 

2.2.1 First order a priori estimates 

Multiplying equation flS]) by g'j n (t), integrating over (0, t) xQ and using integration 
by parts we get: for every n > 1, 

t 

~ + \\v tn {t)\\l + \\v tn \\l ri ] + J J V<jNv n dx 

o n 

t t 
+ a J J V(j) t Vvtndx + a J \\Vv tn (s)\\ 2 2 ds 

(7) 

+ r J J ' \(v n + 4>) t \ m ~ 2 {v n + <fi)tVtn dads 
o ri 

t 

f(t,x)v tn (s) dxds 

o n 




1 Unfortunately, the presence of the nonlinear boundary conditions excludes us to use the 
spatial basis of eigenfunctions of —A in H^ o (£l) as done in [14] 



s 



By using Young's inequality, there exists Si > 0, (in fact small enough) such that 




a V(j> t Vv tn dx < 8 1 / / \Vv tn \ 2 dx + 




45i 




\VM 2 dx (8) 



o n 



o n 



o n 



and 



J J V<pVv n dx <Sx J J \Vv n \ 2 dx+^r- J J V<p\ 2 dx. (9) 
o n on on 

By Young's and Poincare's inequalities, we can find C > 0, such that 

t t 
J J f(t,x)v tn (s)dxds<C J J (f 2 + \Vv tn (s)\ 2 ) dxds. (10) 



o n 



o n 



The last term in the left hand side of equation (JTj) can be written as follows: 




(V n + 4>) t r ( v n + 4>) t Vtndcrds 



Ti 

t 

(v n + 4>) t \ m dads - 

Ti Q Vi 

Then Young's inequality gives us, for <5 2 > 0: 





(v n + 4>) t \ m (v n + 4>) t 4> t dads, 




im-2 



v n + 4>) t 4> t dads 



< 



o ri 




(v n + <f>) t \ m dads + /(— i) 



m 




l dads. 



o r. 



o ri 



Consequently, using the inequalities (jSj), ©, ffTU]) and ffTTj) in the equation ([7]), 
choosing <5i and 5% small enough, we may conclude that: 



Olv^(t)||^ + ||^(t)||^ + ||^(t)||| ri ] 



+a J \\Vvtn{s)\\ 2 2 ds + r J J \ (v n + <p) t \ m dads < C T 



(12) 



o r. 



where Ct is a positive constant independent of n. Therefore, the last estimate 
ffT2]) gives us, Vn e N , t n = T, and: 



(^n)„ 6N is bounded in L°°(0,T; , 
9 



(13) 



(vtn) nm is bounded in L°°(0, T; L 2 (Q)) f)L 2 (0,T; H^Q)) 



(14) 



ru°°(o,T; L 2 (ryj). 

Now, by using the following algebraic inequality: 

(A + B) x < 2 X ~ 1 (A X + B x ), A, B > , A > 1, (15) 

we can find ci, C2 > 0, such that: 

t t t 

{v n + (p) t \ m dads > Cl f J ' \v tn \ m dads - c 2 J J \<p t \ m dads. (16) 

Ti Ti Ti 

Then, by the embedding H 2 (Q) L m (Ti) (2 < m < q), we conclude that 
U\ G L m (r!). Therefore, from the inequalities ffT2l and ffTBT) . there exists > 
such that: 

t 

v t n\ m dads < CL 





Ti 



Consequently, 

v tn is bounded in L m ((0, T) x r x ). (17) 
2.2.2 Second order a priori estimate 

In order to obtain a second a priori estimate, we will first estimate ||wttn(0)||| and 
||v ttn (0)||2 r . For this purpose, considering Wj = % n (0) and t = in the equation 
@, we get 



IKn(0)||i+||f tt „(0)||| ri + J V(f)(0)Vv ttn (0)dx 

u 

+a J VM0)Vv Un (0)dx + r J \MQ)\ m ~ 2 M^Un(0)dcrds (lg) 
f(0,x)v t tn{0)dxds. 

Since the following equalities hold: 

0(O)=«o,&(O) = tti, / V0 t (O)W ttn (O) = - f Acf> t (0)v ttn (0)+ [ cpt^da, 

Jn Jq Jr 1 ov 

as / G i^ 1 (0, T; L 2 (f2)) and u , U\ G i? 2 (f2), by using Young's inequality and the 
embedding H 2 (Q) L^Tx), we conclude that there exists C > independent 
of n such that: 

||^n(0)||^+||^„(0)|| 2 iri <C. (19) 
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Differentiating equation (jSJ) with respect to t, multiplying the result by g" n (t) and 
summing over j we get: 

2jt [ll W '"W2 + \\vttn(t)\\l + \\Vttn(t)\\\ Tl ] + / V(f)tVv ttn dx 

U 

+a\\Vv t tn(s) III + r(m - 1) ^ |(v n + 0) t | m_2 (5; n + 4>) tt v ttn da ^0) 
ft(t,x)vtt n (s)dxds. 



Since = 0, the last term in the left hand side of the equation (1201) can be 
written as follows: 



{v n + <p) t \ m ~ 2 (v n + (f>) t tv ttn da= j \(v n + (f))t\ m ~ 2 (v ttn + (f) t t) 2 da, 
But we have, 

\(v n + (p)t\ m ~ 2 (vttn + (ptt) 2 da = — (^(\v tn {t)+(f>t\^(v tn {t)+<j> t U da 



ri 



Now, integrating equation ([2D]) over (0,t), using the inequality (|T9|) and Young's 
and Poincare's inequalities (as in ffTTj) ). there exists Ct > such that: 



+a I \\Vv ttn (s)g + 



4r (m — 1) f ( d 



v tn {t) + 0t|^ \v t n{t) + (f>t) J da < C T . 



m 2 J \dt 

Consequently, we deduce the following results: 

{v t tn{t)) neN is bounded in L°° (0, T; L 2 (Q)) , 

(v Un (t)) nen is bounded in L°° (0, T; L 2 (I^)) , (21) 

(M*))« 6 N is bounded in L 00 (0,T;^ o (fi)) . 

From ([13D, dH]), (HZD and (J2H), we have (w n ) neN is bounded in L°° (0,T; H^ o {Q)). 
Then (w n ) ne N is bounded in L 2 (0, T; ifp o (f2)) . Since (w tn ) ngN is bounded in 
L°°(0,T;L 2 (fi)), (v t n) n€N is bounded in L 2 (0, T; L 2 (fi)). Consequently (v n ) neN 
is bounded in H 1 (0, T; tf 1 ^)). 

Since the embedding H 1 (0, T; if 1 (fi)) L 2 (0, T; L 2 (f2)) is compact, by using 
Aubin-Lions theorem, we can extract a subsequence ("?v)„ eN of (v n ) n€N such that 



strongly in L 2 (0,T;L 2 (Q)) . 
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Therefore, 

v^—^v strongly and a.e on (0, T) x Q . 
Following [T9J, Lemme 3.1], we get: 

\v^\ p ~ 2 v^ — > \v\ p ~ 2 v strongly and a.e on (0,T) x Q. 
On the other hand, we already have proved in the preceding section that: 

(v t n) n£N is bounded in L°° (0, T; L 2 (Ti)) 
From ({TBI and (l2~Tj) . since 

\\vn(t)\\ H h {ri) ^ C \\Vvn(t)h and \\v tn (t)\\ H ^ ri) < C\\Vv tr 
we deduce that: 

(^n) ne N is bounded in L 2 (o, T; (T 1 

(vtn) n( z N is bounded in L 2 (o, T; H^(T 1 

{v t tn) ne n is bounded in L 2 (0, T; ^(Tx)) 

Since the embedding if^(ri) L 2 (Fi) is compact, again by using Aubin-Lions 
theorem, we conclude that we can extract a subsequence also denoted (v^) N of 
(^n) neN such that: 

^ -> ^ strongly in L 2 (0, T; L 2 (Ti)) . (22) 

Therefore from (fTTj) . we obtain that: 

K\ m - 2 v tll ^ X weakly in L m ' ((0,T) x T,) , 

It suffices to prove now that x = \vt\ m ~ 2 Vt- 
Clearly, from fT22|) we get: 

\vtv,\ m ~ 2 v ttl -> |^| m_2 ^ strongly and a.e on (0,T) x IY 

Again, by using the Lions's lemma, [TJ3, Lemme 1.3], we obtain \ = \vt\ m ~ 2 Vt- 
The proof now can be completed arguing as in [151 Theoreme 3.1]. 

2.2.3 Uniqueness 

Let v , w two solutions of the problem ([3]) which share the same initial data. Let 
us denote z = v — w. It is staightforward to see that z satisfies: 

||Vz||| + \\Vz t \\l + \\z t \\l jTl + 2a J || V^Hl^s 

o 

v t (s) — w t (s))dsda = 



(23) 



+2r 




\v t ( S )r- 2 v t (s) - \w t (s)r- 2 w t ( S 



o r 
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By using the algebraic inequality: 



Vm > 2, 3c> 0, Vo, b G 
equation ( 1231) yields to: 



a\ m - 2 a - \b\ m ~ 2 b (a-b) > c \a - b\ m (24) 



Nil! + ll^lll + Iktlll.ri + 2a J \\^ z t\\lds 

o 

+ °/ / ^ ~ w '^)' mdsrf(T - ' 

Ti 



Then, this last inequality yields to z = 
This finishes the proof of the lemma 



2.3 Proof of lemma D 

We first approximate u G C ([0, T], #£ (fi)) H C 1 ([0, T], L 2 (ft)) endowed with 



the standard norm 



max \\u t 
te[o,T] 



+ u 



by a sequence (u k )keN C 



C°°([0,T] x O) by a standard convolution arguments (see [1]). It is clear that 
G i/ 1 (0,T;L 2 (f2)). This type of approximation has been 



k\p-2yk 



f(u k ) = \U 

already used by Vitillaro in [531 Ell- Next, we approximate the initial data 
U\ G L 2 (Vt) by a sequence (u k )ken C C^°(fi). Finally, since the space H 2 (Q) n 
fl ifp (fi) is dense in ifp o (O) for the if 1 norm, we approximate Uq G ifp (Q) 
by a sequence («o)fceN C H 2 (tt) n V n #r (O). 

We consider now the set of the following problems: 



Av k — aAv k 



\u k \ p 2 u k , 



v k (x,t) = 0, 



X (z Q, t>0 

x g r , t > o 



^"*(x,t) + ^(x,t)+r|t;fr a T;*(x J t) 



igTi, t > o 

x G f2 . 



(25) 



du dv 
v k (x, 0) = lip, i>* 0) = u\ 

Since every hypothesis of lemma I2T21 are verified, we can find a sequence of unique 
solution (i>jfe) feeN of the problem f[2"5"j) . Our goal now is to show that (v k , v k )ken is 
a Cauchy sequence in the space 

y t ={ (« ) « t )/«GC([o,T],^ (n))nc7 l ([crj.L^n)), 

« t G L 2 (0, T; flJ o (fi)) n L m ((0, T) x ^ 
endowed with the norm 



{v,v t )\\ YT 



max 

0<i<T 



\Vt\\ 2 2+\\Vv\\ 2 2 



\ V t 



L m ((0,T)xr!) 



+ 



\\Vv t (s)\\ 2 2 ds 
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For this purpose, we set U = u k — u k> , V = v k — v k> . It is straightforward to see 
that V satisfies: 



'V tt - AV -aAV t = \u k \ p - 2 u k - \u k '\ p ~ 2 u k ' xeVt, t > 
V(x,t) =0 x G T , t > 

V tt (x,t) = 



dV . . adV t , , 
— {x,t) H — - — (x,t) 



dv dv 
r(\v k \ m - 2 v k (x,t) - \v k '\ m - 2 v k '(x,t)^ x G r 1; t > 
V(x, 0) = «q — Uq , V t (x, 0) = u k - u k ' 



x efl 



We multiply the above differential equations by V t , we integrate over (0, t) x Q 
and we use integration by parts to obtain: 



t\\2 



l|VF||I+||y t ||| ri ) + a / \\VV t \\ 2 2 ds 



_l_ r 




,k\m—2„k |„,fc' \m— 2„k' \ f „,fc „,fc 



< K - «t dads 



o r\ 



2 (IIK(o)lli + l|w(o)||! + ||K(o)||! iri ) 

t 



+ (\u k \ p - 2 u k - \u k '\ p - 2 u k '^ [v k - v k '\ dxdr, Vt G (0,T) 



o n 



By using the algebraic inequality (1241) . we get: 

t 



1 



t\\2 



2 +\\VV\\ 2 2 + \\V t \\l Ti )+a J \\VV t \\ 2 ds + Cl 

o 



m 
t\\m,Ti 



< 2 (ilH(O)Hl + ||VV(0)||i + ||T4(0)||I jrx ) 



+ / / (V| P ~V - \u k '\ p - 2 u k '\ (v k - vA dxdr, Vt G (0,T) 



o n 



In order to find a majoration of the term: 

(\u k \ p - 2 u k - \u k '\ p - 2 u k '^ (v k - u*') dxdr, Vt G (0,T) 




o n 



in the previous inequality, we use the result of Georgiev and Todorova [15] (specif- 
ically their equations (2.5) and (2.6) in proposition 2.1). The hypothesis on p 
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ensures us to use exactly the same argument. Thus by applying Young's in- 
equality and Gronwall inequality, there exists C depending only on Q and p such 
that: 

||v||y r < c {\\vm\\l + I|VV(0)||1 + ||14(0)||| r J + ct\\u\\ Yt . 

Let us now remark that from the notations used above, we have: 

V(0) =u k - u k Q , V t (0) = u\ - u k ' and U = u k - u k ' . 

Thus, since (wo)feeN is a converging sequence in H F (fi), (wi)fceN is a converging 
sequence in L 2 (fl) and (u k ) keN is a converging sequence in C ([0, T] , ifp (f2)) PI 
C 1 ([0, T] , L 2 (f2)) (so in Y T also), we conclude that (v k ,v k )ken is a Cauchy se- 
quence in Yt- Thus (ir, u*) converges to a limit (f,^) G It- Now by the same 
procedure used by Georgiev and Todorova in [15], we prove that this limit is a 
weak solution of the problem (jSj). This completes the proof of the lemma [27T1 



2.4 Proof of theorem 12.11 



In order to prove theorem 12. 11 we use the contraction mapping theorem. 
For T > 0, let us define the convex closed subset of Y T : 

X T = {(v, v t ) G Yt such that v(0) = u , v t (0) = U\} 

Let us denote: 

B R {X T ) = {v e X t -\\v\\ Yt <R} . 

Then, lemma 12.11 implies that for any u G Xt, we may define v = <& (u) the 
unique solution of (121) corresponding to u. Our goal now is to show that for a 
suitable T > 0, $ is a contractive map satisfying $ (B R (X T )) C B R (X T ) ■ 
Let u G B r (Xt) and v — $ (u). Then for all i G [0, T] we have: 

t t 
\\v t \\ 2 2 + \\Vv\\l + \\v t \\l Tl + 2 J \\v t \C >Fl ds + 2a J \\Vv t f 2 ds 





t 



(26) 



KHI + ||Vw ||i+ IKHln +2 / / \u(t)\ p 2 u(r)v t (T) dxdr 

o n 



Using Holder inequality, we can control the last term in the right hand side of 
the inequality fl26l) as follows: 

t t 

p ~ 2 u (t) v f (t) dxdr < / \\u (r) ||?7 r ,, Ar ^lluf frill / \dr 



u(t)\ p u (t) v t (t) dxdr < / \\u (r) \\Z AT/fAT Jki (r) || / v 

V ' tK ' — J ' "2N/(N-2)W «V I ll 2N/(3N-Np+2( P -l)) 



on 
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Since p < 



2N 



-, we have 



2N 



< 



2N 



N-2 7 (3iV — Np + 2(p — l)) ~ N -2 

Thus, by Young's and Sobolev's inequalities, we get W5 > 0, BC(S) > 0, such 
that: 



Vt G (0, T) 




\u (t) \ p 2 u it 



fi 



t 

) v t (r) dxdr < C^tR 2 ^ +5 J \\Vv t (r) gdr. 



Inserting the last estimate in the inequality (|26|) and choosing 5 small enough in 
order to counter-balance the last term of the left hand side of the inequality (1261) 
we get: 



Thus, for T sufficiently small, we have \\v ||y T < R. This shows that v G Br (Xx)- 
Next, we have to verify that $ is a contraction. To this end, we set U = u — u 
and V — v — v, where v = and v = $(w) are the solutions of problem (j2J) 
corresponding respectively to u and v. Consequently we have: 



\ii\p 2 i/ 



'Vtt — AV -aAV t = \u\ r -u-\u\ r -u 
V(x,t)= 

V tt (x,t)= - 



x G Q, t > 

x g r , t > o 



dV . . a<9Vi . . 
— (x,t) + —(x,t) 



(27) 



r^| m - 2 v t (x,t) - \v t \ m - 2 v t (x,t)j x G Ti, t > 



[\/(x,0)= 0, V t (x,0) = 

By multiplying the differential equation ([27)1 by Vt and integrating over (0, t) x Q, 
we get: 

t 

\ {\\Vt\\l+ || W||l + H^lllrJ + a / ||W*|||ds+ 




o ri 
t 




ip-2 



ur it — \ur u 



r,\P- 2 <r, 



) (v t — v t )dxdr, Vt G (0, T) 



f! 



Again, by using the algebraic inequality ff2lj) . we have: 

5 (HVilli +||VV||l + ||V t ||l iri )+ a J ||VT4||^5 + Cl ||T4|C )ri 

o 

\u\ p - 2 u - \u\ p - 2 u) (v t - v t )dxdr, Vt G (0,T) 



(28) 




o a 
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To estimate the term in the right hand side of the inequality (1251) . let us denote: 

t 

I(t):= f [ (\u\ p - 2 u- \u\ p - 2 u) {v t -v t )dxdr . 



o a 

Using the algebraic inequality: 

| \u\ p - 2 u - \u\ p - 2 u\ < c p \u - u\ {\u\ p ~ 2 + \u\ p - 2 ) , 

which holds for any u, u G M, where Cp IS cl positive constant depending only on 
p, we find: 

T 

I{t)<c p J J ' \u - u\ (\u\ p - 2 + \u\ p - 2 ) \V t \dxdr . 
o n 

Following the same argument as Vitillaro in [3U eq 77], choosing p < r$ < q such 
that: 

q r 

< < m , 



q — p+1 r - p+ 1 
let s > 1 such that: 

1 1 1 1 
— +— +- = 1 . 

m r s 

Using Holder's inequality we obtain: 

t / \ V s 

I(t)<c p [ (||«-ti|U||V t |U). I {\u\ p - 2 + \u\ p - 2 ) s \ . (29) 



Therefore, the algebraic inequality (|T5|) gives us: 

l/s 

ln_9 . l_lr,_9\S 1 

U 



But since 

(A + Bf < A p + B 13 , \/A , 5 > and < (5 < 1 

we get 

l/s 

"- 2 +i«r 2 )-| < 2 s - 1 (h\\<£%.+ ii*ii • (30) 



Consequently, inserting the inequality ( l29l) in ( l30l) and using Poincare's inequality, 
we obtain: 



I(t)<c 2 R p ~ 2 J ||u-tZ|U|W t || 2 cfc. 



o 
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Applying Holder's inequality in time, we finally get: 



I{t) < C 2 HP- 2 T 1 / 2 \\U - u\\ L °°(0,T;Lro 



(O)) 



~ 2 



\ U ' U lli° o (0,T;L r 0(n)) + 




1/2 



* II 2 



vviiii 



(31) 



Lastly, by choosing T small enough in order to have: 

a 



_ ^ P -2 T l/2 > q 



we conclude by inserting the estimate (13~T1) in the estimate fl28l) that: 

t 

^(M+l|V^+||y t ||| ri )+a J || Wt||lda + 0111^11^ 



(32) 



(33) 



, c 2 „ p _2Tnl/2|| -||2 
— 7^ it 1 \\ U ~ U \\L°°{0,T;L r 0(Q,)) 

Since r < g, using the embedding 

L°° (0,T;Hl o {Q)) ^ L°° (0, T; L r °(Q)) 
in the estimate fl32l) . we finally have: 

livily^cs^r 1 / 2 !^!!^. 

By choosing T small enough in order to have 

c 3 R p ~ 2 T 1/2 < 1 . 

the estimate (1331) shows that $ is a contraction. Consequently the contraction 
mapping theorem guarantees the existence of a unique v satisfying v = $(f). 
The proof of theorem 12.11 is now completed. 

Remark 2.2 To prove the existence and uniqueness of the solution to the more 
general problem: 



u tt - Au - aAu t = f(u), 
u(x, t) = 0, 



u tt (x,t) 



du adu t 

-^{x, t) + -q^-K x , t) + 9{u t ) 



u(x, 0) = u (x), u t (x, 0) = Ui(x) 



i60, t > 

x e r , t > o 
x ev h t>o 
x e . 



we can use the same method, provided that the functions / and g satisfy respec- 
tively the conditions (H 3 ) — (H 7 ) and (H 8 ) — (H 9 ) of the paper of Calvacanti et 
al. 0. 
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3 Exponential growth 



In this section we consider the problem (TjQ) and we will prove that when the 
initial data are large enough (in the energy point of view), the energy grows 
exponentially and thus so the LP norm. 

In order to state and prove the result, we introduce the following notations. Let 
B be the best constant of the embedding Hq{Q) L P (Q) defined by: 

B- 1 = inf {||Vu|| 2 : u E #o(0), ||u|| p = 1} . 

We also define the energy functional: 

E(u(t)) = E(t) = ~ ||Vu||* - i + i \\u t \\l + 1 \\u t \\l Ti . (34) 

Finally we define the following constant which will play an important role in the 
proof of our result: 

ai = b -p/(p-2) and d = A _ h a 2 ( 35 ) 

2 p 

In order to obtain the exponential growth of the energy, we will use the following 
lemma (see Vitillaro [32], for the proof): 

Lemma 3.1 Let u be a classical solution of (Tj|). Assume that 

E(0) < d and ||Vwo|| 2 > «i- 
Then there exists a constant a<i > ct\ such that 

||V«(.,t)|| 2 >a 2 , Vt>0, (36) 

and 

\\u\\ p >Ba 2 , W>0. (37) 
Let us now state our new result. 

Theorem 3.1 Assume that m < p where 2 < p < q. Suppose that 

E(0) < d and \\Vuo\\ 2 > ot\. 
Then the solution of problem (TJP growths exponentially in the LP norm. 
Proof: By setting 

H{t) = d-E{t) (38) 
we get from the definition of the energy ( |34l) : 



< H(0) < H(t) < d 



1 n .12 1 „ ii2 1 „„ „2 1 „ 1 1 t) 

2 W u t\\2 + 2 + 2 I' Vm "2 - - W U \\p 



(39) 
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using the fundamental estimate (136|) and the equality (1331) . we get: 

d ~ 2 II Vm II2 < - = --a* < 0, V* > 0. 

Hence we finally obtain the following inequality: 

0<H(0)<H(t)<-\\u\Z, Vt>0. 

p p 

For £ small to be chosen later, we then define the auxiliary function: 
L(t)=H(t)+e / u t udx + e / u t uda H IIVwII,. 



(40) 



Let us remark that L is a small perturbation of the energy. By taking the time 
derivative of (1401. we obtain: 



— J— = a \\VutWo + r \\u t ICr +£||tttl|n + £a [ Vu t Vudx 
dt 1 m,il 2 J n 

+e / u u udx + e / u tt ttrfcr + er ||tit||2 ri ■ (41) 
Jn Jf! 

Using problem ([1]), the equation (T4T1) takes the form: 

dL(t) 2 . II nm . || I ■ 2 Mv7 ||2 

= « II vtttlla + r r + e \\u t \\ 2 - e \\Vu\\ 2 



dt 



+e \\u\\p + £ \\ut\\l Tl - er / |tt t | m m 4 m(x, t)rfa. (42) 



To estimate the last term in the right hand side of the previous equality, let 5 > 
be chosen later. Young's inequality leads to: 



X m m — 1 

\ m I j.\ j II n m i r— m/(m— 1) n I 

w f | u t u(x,t)da < — ||w|| m r a H 5 IKI 



m 



This yields by substitution in (|42|) : 



^(^) \ nn 1 1 2 . || nm n n2 i| n n2 

—jj-- > a\\Vut\\ 2 + r\\u t \\ mTi +e||u t || 2 -e||Vu|| 2 

+^ll«ll^ + ^KII^ ri -^ m ||u|C iri (43) 
gr(m — 1) x _ m /( m _^ .I ,, TO 

m 41 

Let us recall the inequality concerning the continuity of the trace operator (here 
and in the sequel, C denotes generic positive constant which may change from 
line to line): 

IMImA — C 1 1 W 1 1 if* (n) ' 
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which holds for: 



N N - 1 

m > 1 and < s < 1, s > > 

2 m 



and the interpolation and Poincare's inequalities (see [20J) 



\u\\ H * {n) < C \\u\\l s \\Vu\\ s 2 
< C ||M||p~ s llVtiHa 



Thus, we have the following inequality: 



it 



v < C llttlL s II Vm| 

,,1 ! — " I 1 " 



ip II - ™ 1 1 2 • 

If s < 2/m, using again Young's inequality, we get: 

m(l — s)[i 



ML, ri < c 



\u\ 



p\ p 



+ (\\Vu\\l) 2 



(44) 



for 1/n + 1/6 = 1. Here we choose 6 = 2/ms, to get \i — 2/ (2 — ms). Therefore 
the previous inequality becomes: 



it 



m(l — s)2 
(2 — ms)p 



(45) 



Now, choosing s such that: 



we get: 



2(p — m) 

0<s< —4- c 

m (p — 2) 

2m (l-s) < 



(2 — ms) p 

Once the inequality fj46|) is satisfied, we use the classical algebraic inequality: 

z v < (z + 1) < f 1 + ~J {z + u) , \/z > , < i/ < 1 , co>0, 
to obtain the following estimate: 

m(l — a)2 



(46) 



< D (\\u\\p + H (t)\ , Vt>0 



(47) 
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where we have set D = 1 + 1/H(0). Inserting the estimate (|4"T|) into (144j) we 
obtain the following important inequality: 



ML, ri < c 



\uf p +\\Vu\\ 2 2 + H(t) 



In order to control the term || \7tt 1 1 ^ in equation (T431) . we preferely use (as H{t) > 
0), the following estimate: 



l ll m ^ n 



\u\\ p p +\\Vu\\l + 2H(t) 



which gives finally: 



\u\ 









< c 


2d + 


K) 









\u\ 



2 

2,ri 



Consequently inserting the inequality fj48l) in the inequality (H3|) we have: 



dL(t) 2 / £ r(m-l)r m /( m -D 
> a||V« t || 2 + r 



dt 



ni 



m,ri 



+£ 1 



rC5 r 



ni 



l-£\\Vu\\ 2 2 



-e 1 - 1 + - 



py m 

From the inequality (1391) we have: 



HIJ + £(i + 



rC<5 r ' 



(48) 



(49) 



2 

2,ri 



- ||Vtt||2 > 2H(t) -2d+ \\u t \\l + \\u t \\l Ti - - \\u\ll 
Thus inserting it in (1491) . we get the following inequality: 



dL (t) 
dt 



> a||V^+(r 

rC5 m 
+e 2 + 



r (m- 1) 



+e 1 



2£ 

P 



m 

2 + ^(2 + 
2\ rC5 n 



+2e #(t) -d 1 + 



py m 
rC5 m 



rC5 r 
m 

1 hp 
\u\\„ 



m 



m,r. 



2 

2,ri 



(50) 
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Finally, using the definition of ot 2 and d (see equation (|35|) and the lemma [37Tj) . 
we obtain: 



dL(t) Il2 
— > a||Vut||2 



dt 



+e[2 + 



+e 



r - 

rC5 m 
m 



•t (m- 1) 



??? 



m,ri 



KHa + e 2 + 



??? 



i ii 2 
Pdkri 



(51) 



/ 



1 2d(Ba 2 ) p - 

V 

V 

\ :=co 

+ £ ( 2H(t) + d) . 



1 + - + 4d(Ba 2 )~ p 
p 



rC5 r ' 



m 



u 



Setting c = 1 2d (Ba 2 ) p , we have c > since a 2 > B^ p/i - p ~ 2 \ 

p 

We choose now 5 small enough such that: 



c - 



1 + - +4d{Ba 2 y p 
p ' 



rC5 r 



> 



Once S is fixed, we choose e small enough such that: 

er (m — 1) 



r — 



ni 



_ 6 - m /( m -i) > q and L ( Q j > o 



Therefore, the inequality ( f5~TT) becomes: 
dL (t) 



dt 



> 



(t) + ||wj 2 + ll M f II2 Ti + \\ u \\p + d for some r\ > (52) 



Next, it is clear that, by Young's inequality and Poincare's inequality, we get 



L(t) <j\H{t) + \\u t \\l 
Since H(t) > 0, we have: 



MI2A + \\^ u \\l 



for some 7 > 0. (53) 



V*>0 ±\\Vu\\l<l\\u\\ p p + d . 



Thus, the inequality (1531) becomes: 

L (t) < C + IKII? + ||«t||2 jri + \\uf p + d 



for some ( > 0. 



(54) 



From the two inequalities ( l52i) and (1341) . we finally obtain the differential inequal- 
ity: 

^ > (t) ; f or some ^ > 0. (55) 
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Integrating the previous differential inequality (|55j) between and t gives the 
following estimate for the function L: 



On the other hand, from the definition of the function L (and for small values of 
the parameter e), it follows that: 



From the two inequalities (156"j) and floTl) we conclude the exponential growth of 
the solution in the L p -norm. 



Remark 3.1 We recall here that the condition / uo(x)ui(x)dx > appeared 

Jn 

in [HI Theorem 3.12] is unecessary to our result on the exponential growth. 
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